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Abstract

In this article, the new extended direct algebraic method is used to build the exact travelling
wave solutions for the non-linear time-fractional Clannish Random Walker’s Parabolic equation.
This study establishes the framework in which periodic, singular, dark, bright and kink-type
wave solitons are obtained with exact solutions offered by the mixed hyperbolic and trigonom-
etry solutions, mixed periodic and periodic solutions, plane solutions, shock solutions, mixed
trigonometric solutions, mixed singular solutions, mixed shock single solutions, complex solitary
singular solutions, shock solutions and shock wave solutions. The exact soliton solutions of the
time-fractional clannish random walker’s parabolic equation model is graphically presented at
different values of involved parameters by Wolfram Mathematica software. The propagating
behaviours display in 3-D, contour and 2-D surfaces of the obtained results to visualise the im-
pact of the involved parameters. The sensitivity analysis is demonstrated for the wave profiles
of the designed dynamical framed structure, where the soliton wave number parameter regulates
the water wave singularity. This analysis illustrates that the utilized method is efficient and
reliable and can be useful to find appropriate solutions in closed-form solitary soliton to a wide
range of non-linear evolution equations. These techniques can also be utilised to find new exact
travelling wave solutions for any class of integer or fractional differential equations that arise in

mathematical physics.
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1 Introduction

The time-fractional Clannish Random Walker’s Parabolic (CRWP) equation [1,2] determine the
behaviourof two random walker’s species A and B who possess out one-dimensional and concurrent
random walk characterised by a rise in the clannishness of members of the one species A at point x

at time ¢, u(t,z) can be written by the time-fractional (CRWP) equation as,
DU + jU, + kUU, + U, =0 (1)

where a; denotes the order of the fractional time derivatives and 0 < a; < 1.

Exact solutions for travelling waves for the non-linear fractional partial differential equations (FPDEs)
are important in the study of physical phenomena. In recent years, fractional equations, both partial
and ordinary, have been used in the modelling of many chemistry, engineering, physics, and biology
problems [3]. In the literature, several definitions of the fractional derivatives are available, including
Riemann Liouville [4,5], the conformable fractional derivative [6,7], and new truncated M-fractional
derivative [8]. The non-linear (PDEs) are essential for investigating the non-linear physical situation.
(PDEs) play an important role in many analyses due to their intermittent appearance, well-designed
and potential in various non-linear fields. In order to find the exact solitary wave solution in various
aspects, several authors used various approaches [9-13]. The accurate and solitary wave solution of
the (PDEs) was obtained by many authors using various approaches in various contexts. In both
pure and applied mathematics, non-linear (PDEs) have become more significant and useful in recent
years. (PDEs) are important for many technical and physical problems and no one can ignore their
importance.

The travelling wave hypothesis has evolved into the primary method for analyzing as well as ex-
tracting soliton solutions to the many non-linear evolution equations (NLEEs). Researchers have
paid close attention to closed forms of exact solutions in recent years. Such solutions are extremely
important in studying the stability andnature of physical systems. The bell and kink-shaped solitons
are commonly used to simulate the non-linear oscillatory events in plasma, hydrodynamics and fibre-
optics. In recent years, various types of closed-form solutions of (NLEESs), such as soliton, rational,
coupon, periodic and quasi-periodic solutions, have been reported. Non-linear PDEs have a very
vast range of practical applications inthe field of wave theory,including transportation of heat and
mass,plasma physics, and hydrodynamics chemical technology [14,15], ocean waves process may be
characterized by non-linear ordinary differential equation systems [16, 17|, population ecology [18],
electromagnetic wave interaction in a plasma [19], non-linear may appear in quantum mechanics in

several different ways [20,21] and so on.



The story of solitons begins with John Scott Russell’s observation of the translation wave. Before
Russell’s work was proven in the 1870s, prominent philosophers and scientists widely praised its
scientific implications. Nonetheless, Rayleigh and Boussinesq’s work demonstrates the critical issue
of non-linearity and dispersion, It is still rendering to address Stokes and Airy’s argument against
using kink-shaped and bell-shaped solutions to simulate wave phenomena in the optical fibre, the
elastic media and other important fields, well-known examples include the travelling wave solutions
of Korteweg de Vries and the Boussinesq equation [22-25].

There are multiple approaches andschemessuch as the sine-Gordon expansion scheme [26], the Kudryashov
method [27], the simply extended equation method [28] and the bilinear neural network technique [29],
used toobtain exact solitonsolutions for non-linear partial differential equations, [30] variational iter-
ation method [31], extended exponential function method [32], Hirota bilinear technique [33], power
series method [34], F-expansion technique [35] as well as several others [36-42].

In the literature, there are a few approaches that are commonly used for obtaining exact solutions
to the integrable wave equation (1), adapted (G/G)-expansion scheme [43], modified extended aux-
iliary equation mapping [44] modified F' expansion method [45]. Compared to the current analytical
technique, the proposed method is more dependable and computationally efficient. The proposed
model used various integrating techniques to extract dark, bright and singular solitons.

To our knowledge, the time-fractional (CRWP) equation model has not yet been studied using the
new extended direct algebraic method and sensitivity and chaos theory is also ignored. As a re-
sult, the new extended direct algebraic method approach is used to find stable soliton solutions to
non-linear (FPDE), especially the time-fractional (CRWP) equation. The present methodology has
some advantages over the previously studied techniques in the form of a more generalized solution
and its performance is more efficient and effective. The solitonic patterns of the time-fractional
(CRWP) equation have been illustrated, via exact solutions offered by travelling wave solutions ob-
tained, including periodic and singular waves, bright and dark waves and kink-type wave solutions
by using a new extended direct algebraic method. The obtained solutions are represented as the
mixed hyperbolic and trigonometry solutions, periodic and mixed periodic solutions, plane solutions,
shock solutions, mixed trigonometric solutions, mixed singular solutions, mixed shock single solu-
tions, complex solitary singular solutions, shock solutions and shock wave solutions. Comparisons
are provided diagrammatically for generalized time-fractional (CRWP) equation solutions, which are
represented graphically in Mathematica by varying the embedded parameter values. The applicabil-
ity of the obtained typical solitary wave solutions of the considered model has been investigated here

by drawing 3-D, 2-D and contour graphs of the obtained solitons. In the end,sensitivity analysis on



the newly designed dynamical structural system for wave profiles is illustrated to study the dynamic
behaviour of the considered model. We are hopeful that our findings will help physicists predict new
ideas in mathematical physics and its applications.

In section 2, we used the new extended direct algebraic method to develop exact solutions. Section 3,
demonstrates the application of the proposed method. Furthermore, we observed different wave ap-
pearances in the 3-D, contour and 2-D graphical representations of the soliton solutions for different
values of the wave velocity and discussed the graphical presentation of research findings in section 4.
Section 5, graphically depicts the sensitivity visualization, as well as the analysis and discussions of

the results. Section 6 contains the conclusion of this study.

2 Description of method

2.1 Illustration of proposed technique
Consider the general (NPDE) of the type:

XU, U, Uy, Uy, Uy, ...) = 0. (2)
It can be converted into (ODE) which can be obtained as,

Y(N,N',N" ...) =0. (3)
by means of the following transformation,

Ulz,t) = N(C), (4)

where ( = kyx + kot and ky and ko are real constants and can be changed according to the physical

phenomena. Consider the following solution of Eq. (3):

N(¢) = ag+ Z[axs@))i], (5)
where,

§'(¢) = In(A)(p + BF(C) + AF*(C), A#0,1, (6)



where, p,B and \ are real constants and S = B2 — 4p\. The general solutions with respect to

parameters g, B and A of Eq. (6) are:
(Case 1): When B? — 4p\ < 0 and X # 0,

B V=95 \/_
$1(¢) = o + o\ tan 4 ( 5 (),
B /-5 e
§2(0) = =51 — 5 otal=—5—0),
B0 =~ + éA_(tanA(F SQ) £ Vuvsecs (V=50),
510 = 4 Y ot (VI 2 i esea(v50),
55(0) = ~ o+ YT ana (50 - cona (o)),
(Case 2): When 9B? — 4p)\ > 0 and \ # 0,
B VS VS
S6(C) = o T ﬁtaﬂhA(—O
B VS VS
§7(¢) = o XCOthA(—C)
B VS

Fs(0) = — o + —(— tanha(V/SC) & tv/uv sech4(V'SQ)),

20 2

Fo(¢) = —% + 2—\/5( coth(V/S¢) & vuv escha(V'S()),
F10(C) = —% — Z—f(tanhfx(\{?@) + cothA(gg).

(Case 3): When pA > 0 and B = 0,

Su(¢) = taHA (VpA0),
F12(¢) = —\/gcom(\/a(),

F15(¢) = \/g (tana(2y/pAC) % vauvseca(24/pA()),
$514(C) = \/g(— COtA(Q\/aC) + MCSCA(Z\/EC)%
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VP
2

VA

B15(C) = 51/ % (tana :

2V A

¢) — cota(

(Case 4): When pA < 0 and B = 0,

B16(¢) = —/ = tanha(v/=pXC),
§1r(0) = =1/ =5 cotha(v/=pA0).

(€)= [~ g (33/790) 1 A2/ 2),
a(0) = [~ cotha2v/ =030 % Vi esch 2V <02,

¢))-

FnlC) =~/ ltanha(YSEA0) + cotha

2 2

(Case 5): When B =0 and p = A,

T21(¢) = tana(p(),

322(@) = — COtA(@Oa

F23(C) = tana(20¢) £ vuvseca(20¢),
T24(¢) = — cot a4 (20C) £ vuv csca(200),
$s(0) = 5 (bana(20) — cota(L0).

(Case 6): When B =0 and p = —A,

Fa6(¢) = — tanh4(p(),

52r() = —cotha(9C),
F2s(C) = — tanha (200) £ 1v/uv sech4 (20()
F20(€) = —cota(200) & v escha (26C),
Fn(Q) = — 5 (tanha(2) + cota(£0)).

(Case 7): When B2 = 4p),

 —2p(BCIn(A) +2)
Sa(C) = B2(In(A)

V=
2

¢))-

(21)



(Case 8): When B = p, p = pq, (¢ #0) and A = 0,
Fa2(C) = A —q.

(Case 9): When B = A = 0,
§33(C) = pCIn(A).

(Case 10): When p =B =0,

—1

F3a(C) = A In(A)
(Case 11): When p = 0, and B # 0,
u'B

Sas(c) = ~ Mcosh(BC) — sinh(BC) + u)’

B (sinh 4 (BC) + cosh 4 (BC))
F36(C) = —— :

A(sinh 4 (BC) + cosha(B() +v)
(Case 12): When 8 =p, A =pq, (¢ #0) and p =0,

uAPS

$s7(¢) = T u = quAr
¢ _ —C ¢ —¢

sinh (€)= "D o) = AT

uAS —vA~S uAS +vA~C
tbalQ) = e rea 0 MO =g

2 2
secha(Q) = doae 0 SO = mg
. UALC — ’UA_LC U,ALC + UA_LC
sing(() = ———— cosa(Q) = ———5—,
uA®C —pAT WA + A~
talQ) =~ pae 0 MO =
2 2t

eald) = oA 0 Sl = g

The deformation arbitrary constants parameters u and v are greater than zero.

(41)

(42)

2.2 Exact solutions for Clannish Random Walkers Parabolic equation

We use the following travelling wave To obtain the solutions of Eq. (1), transformation:

0
U(x,t) = U(C)where C:x—é(t—i—ﬁ) ;

7
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where ¢ is constant. On the contrivance of Eq. (45) to the Eq. (1), we reveal that:
2(j — ¢)N + kEN? 4+ 2IN' = 0. (46)

According to the homogeneous balancing principle of Eq. (46) gives M = 1.

Uz, t) = ao + a1 §(C), (47)
where,
§'(¢) = In(A)(p + BF(C) + A§°(C)), A#0,1, (48)

The prognosticate solution Eq. (47) is plugging in Eq. (46) and equating the coefficient of distinct

power of §F(({) prevailed the algebraic system of equations:

(F(0))° :2jag — 2cap + kad + 2la; In(A)p,
(F(O)? :2ja; — 2cay + 2kaga; + 2la; In(A)B, (49)
(3(0))? :kaf + 2la; In(A).

system of Eq. (49) is solved with the help of the modern software Mathematica to get the required

parameters,
ay = HHIEA) (B + V), a =2 lr]z(A)A, ¢ = j+In(A)(Bl - B + 1V3). (50)
Uz, t) = OB + QV'S + 20\[F:(0)]. (51)

Where, Q = 2@ and § = B2 — 4p\.
Exact solutions for Eq. (1) can be obtained by plugging the Eq. (50) into Eq. (47), which is given
below,

(Case 1): When B2 —4p)\ < 0 and \ # 0,

8 (z,1) = QVS(1 + v tana( 0)), (52)
Yol t) = QVS(1 — LcotA(gg)), (53)
$Us(z,t) = QVS(1 + 1(tans(V=S5C) £ Vauw seca(V=5C))), (54)
Uy(z,t) = QVS(1 + tcota(vV=5C) £ vuv esca(vV—5¢))), (55)
(. 0) = /51 + Ltana 520 - cota () (56)
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(Case 2): When 9B? — 4p\ > 0 and \ # 0,

VS

(o) = V(1 — tana(Y570)),

Ur(z,t) = QVS(1 — cotA(\/ng)),
Us(z, ) = QVS(1 — tana(V/SC) + ty/uvsecs (V'SC))),

gz, 1) = QV/S(1 — cot 4 (VSC) £ vuv esea(VSC))),

(e, 8) = VB + Ltana (220 + cota(L0)),

(Case 3): When pA > 0 and B = 0,

S (2, 1) = 20VA(V/p tana (VA + Vo),

fhia(z, 1) = 20V A (—y/p cota (VA + Vo),

tig(w, t) = 20V (VB (tana(2y/pAC) £ Vuvseca(2/pA)) + Vu),
Wyp(z,t) = QQ\/X(\/E(tanA(mC — cotA(\/aC)) +3/L).

2 2 2

(Case 4): When pA < 0 and B =0,

ig(z, 1) = 20V A (—y/—p tanh 4 (/=) + /1),
ir(z,t) = 20V A (—/—p cotha(y/—pAC) + Vo),

(1) = 20V A(v/—p(— tanh 4 (21/—pAC) + /v sech 4 (2¢/—pAC)) + /5u),

$ho(,t) = 200V A(v/—p(— cotha(21/—pAC £ Vuw escha(2¢/—pAC)) + /o),
o (z,t) = ZQ\/X(—@(tanhA( —Qp)\o + coth( :—p)\ Vor).

(Case 5): When B =0 and p = A,

Yoy (2, 1) = 2Qp(tana(pC) + ),

Uno(,t) = 2Qp(— cota(pC) + 1),
Usz(z,1) = 2Qp(tan 4 (2pC) + Vuvseca(2pC) + 1),

Usy(z,1) = 2Qp(— cot4(2pC) + Vuv esca(29C) + 1),
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$os (2, £) — 29@(% tana(90) — cora(50) +0).

(Case 6): When B =0 and A = —p,

Lo (7, 1) = 2Qp(1 + tanha(p()),

oz (z,t) = 2Qp(1 + cotha(p()),
Usg(z,1) = 2Qp(1 + tanh 4 (20C) F tv/uv seca(2pC)),
Usg(z, 1) = 2Qp(1 + cot 4 (20C) F vuv csch 4(2¢C)),

oo (2, £) = 200(1 + %(tanhA(gg) ~cota(Y0))).

(Case 7): When B2 = 4p)\,

B¢ In(A) +2)

Sy (2, ) = QOB + 2m(—2@(%20n(m

(Case 8): When 8 =p, p = pq, (¢ #0) and X =0,
Uss(z, 1) = 2Qp.

(Case 9): When B = A = 0,
sz (z,t) = 0.

(Case 10): When p =98 =0,

—1

L[34(l’,t) = QQ(CID(A)

(Case 11): When p =0, and B # 0,

_ —ugp
s () = 2Q(coshA(pC) — sinha(p¢) + u + L\/a)’

_ o —$(sinha(pC) + cosh (o)
a2, ) = 2Q(sinhA(p§) + cosha(pl) + v /o).

(Case 12): When 8 =p, A =pq, (¢ #0) and p =0,

AP
Yyr (. 1) = 2%(#@ + 1)
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3 Graphical Discussion

This section explains numerical and physical simulations of some obtained solutions to the successive
non-linear evolution equations of the time-fractional Clannish Random Walkers Parabolic equation
by selecting appropriate values for the arbitrary parameters. A modern software program Wolfram
Mathematica is utilized to plot graphs for better presentation.

In Figure (1), graphs for the soliton wave number (£2) of the obtained solution i (x,t), at the
parametric values p=0.6, 28=0.2, \=0.7, A = 2, [=5, k=0.4, u=3, v=2 and c=1, for different values
of wave numbers, in the form of 3-D, 2-D and contour. In Fig (1a) at Q=0.1, continuous bright
solitonic behaviour is observed in a 3-D profile, by increasing the value of wave number we found
the same behaviour in fig (1d) and (1g) and for more visualization contour was plotted and found
the bright soliton in (1b), (1le) and (1h), and 2-D shows the bright periodic soliton in (1c), (1f) and
(1i) by increasing values of wave speed. In Figure (2), graphs for the soliton velocity of the obtained
solutions y5(x, ), at the parametric values p= 5, B=0, \=5, A =3, =5, k = 04, u = 2.9,
v =6, c = 0.9, for different values of wave number, in the form of 3-D, 2-D and contour, multiple
bright solitonic behaviours are observed in 3-D, bright solitons in contour and multiple bright singular
solitons can be seen in 2-D for the same values of wave number as we took in Fig (1). In Figure 3,
graphs for Lsg(z,t) for parametric values p=5, B=0, \=-5, A =21 =5k =04, u=3,v =2,
¢ = 1 at wave speed 2=0.1, shows flat anti-kink structure in 3-D, contour and 2-D getting bright by
increasing the value of soliton eave number. Moreover, it is expected that future studies on non-linear
wave difficulties in applied sciences will be helped by the results presented and these explanations of

our novel work.
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(a) 3-D graphical profile of soliton (b) Contour graphical profile of soli-

wave number at 2 = 0.1 ton wave number at 2 = 0.1
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(d) 3-D graphical profile of soliton (e) Contour graphical profile of soli-

wave number at €2 = 0.5 ton wave number at 2 = 0.5
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(g) 3-D graphical profile of soliton (h) Contour graphical profile of soli-

wave number at €2 = 0.9 ton wave number at 2 = 0.9
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(¢) 3-D graphical profile of soliton

wave number at € = 0.1
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(f) 3-D graphical profile of soliton

wave number at Q = 0.5
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=10 =B

(i) 3-D graphical profile of soliton

wave number at 2 = 0.9

Figure 1: Visualised impact of wave number in 3-D, 2-D and contour for solution &l (z, t)
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(g) 3-D graphical profile of soliton (h) Contour graphical profile of soli- (i) 3-D graphical profile of soliton

wave number at €2 = 0.9 ton wave number at 2 = 0.9 wave number at 2 = 0.9

Figure 2: Visualised impact of wave number in 3-D, 2-D and contour for solution {ss(x,t)
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Figure 3: Visualised impact of wave number in 3-D, 2-D and Contour for soliton solution $log(x, t)
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3.1 The sensitivity assessment

The plane dynamic system can be used to contribute to the sensitivity of the time-fractional Clannish

Random Walkers Parabolic equation, the dynamic system of Eq. (46) is as follows:

I =2(—c) N EN2 __
{N - ]21 — = =0 (88)

This section discusses the sensitive behaviour of the considered model with parametric values ¢ = 1.2,
k=0.9, j =15 and [ = 0.5, after transforming it into a dynamical system (88). The sensitivity of
the dynamical system depends on the initial guess. By choosing a suitable initial guess sensitivity
of the system can be controlled. If a minor adjustment in the initial conditions results in a slight
change in the system, then the system is less sensitive. We will establish the physical properties of
the considered model and discuss the effects of the frequency and perturbations force. As a result,
by using different initial conditions in the segment, we recognize the sensitivity of the solution of the

dynamical system.

o s 10 1s 2 s 10 15 20

=}
@

Crarve 7 Ceerve 2|

Cecrve 7 Crarve 2| |

(a) Sensitive analysis for the curve 1 and curve 2 at (b) Sensitive analysis for the curve 1 and curve 2 at
(0.001,0.03) and (0.03,0.02) respectively. (0.02,0.03) and (0.03,0.02) respectively.

0._10

002

-0.02
—-0.05

-0D_04

-0_10

o 3 10 15 2

=}
Q

=1 10 15 20

Crerve £ Crrve 2|

Ceerve 4 Crove 2| [

(¢) Sensitive analysis for the curve the 1 and curve 2 at (d) Sensitive analysis for the curve 1 and curve 2, at
(0.05,0.03) and (0.03,0.02) respectively. (0.1,0.03) and (0.03,0.02) respectively.

Figure 4: Sensitivity visualization at distinct initial conditions
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In Fig. (4), the maingoal of the presentinvestigationis to accurately assess the output disruption
caused by input changes. The findings of the analysis showdifferent parametric values to illustratehow
small changes in input can result in large variances in the result. In Fig. (7a), it can be illustrated
that a slight change in the initial condition affects the solutions that contribute to the disorderly
behaviour of the curve. The same experiment is replicated in Figs. (6b), (6¢) and (6d), by retaining
the values of the parameters and making a larger change in the initial conditions, and the same

effects are observed, as a result, in this case, the system is sensitive.

4 Conclusions

In this article, the new-extended direct algebraic technique is used to identify the new exact travelling
wave solutions of the time-fractional (CRWP) model successfully. 3-D, 2-D and contour presentation
of some newly derived solutions by giving specific values to the parameters under the constraint
conditions with the help of Mathematica is illustrated. The singularity of water waves can be
controlled for larger values of wave number. The sensitive analysis is observed in an obtained system
for the initial guess and other parametric values respectively. It is important to highlight that using
our analytical modified mathematical methodology has resulted in the finding of these new exact
solitary wave solutions to the time-fractional (CRWP) equation that has not before been reported
in the literature. Finally, the explored solutions have the potential to be used to solve a variety of
non-linear (PDEs) that are evident in many significant non-linear scientific phenomena in engineering

and physics.
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